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Let G be a group and let Y,(G) be the set of nontrivial p-subgroups of G 
ordered by inclusion, where p is a prime. To the poset (= partially ordered set) 
YD(G) one can associate a simplicial complex 1 9JG)l in a well-known way. 
This simplicial complex appears in the work of Brown [2, 31 on Euler charac- 
teristics and cohomology for discrete groups. One of his results is an interesting 
variant of the Sylow theorem on the number of Sylow groups; it asserts that 
for G finite the Euler characteristic of 1 YD(G)I is congruent to 1 modulo the 
order of a Sylow p-subgroup. 
Our aim in this paper is to investigate various homotopy invariants of the 
simplicial complex ] YJG)l, such as its homology, connectivity, etc. We now 
review the contents of the paper. 
In Section 1 we review properties of the functor X ++ 1 X 1. Throughout 
the paper we use this functor to assign topological concepts to posets. For 
example, we call two posets homotopy equivalent when the associated simplicial 
complexes are. 
In Section 2 we first show that Y@(G) is homotopy equivalent to the poset 
z$(G) consisting of elementary abelian p-groups (called p-tori for short). 
Hence the remainder of the paper is mostly concerned with the smaller poset 
dJG). We show &‘,(Gr x G,) is h omotopy equivalent to the join of .z$(G1) 
and &JGa). We prove that dV(G) is contractible when G has a nontrivial normal 
p-subgroup, and state a conjecture to the effect that the converse holds when 
G is finite. The conjecture is proved for solvable groups in Section 12; the 
proof served as motivation for most of the second half of the paper. 
In Section 3 we show for a finite Chevalley group that -0lJG) has the homotopy 
type of the Tits building associated to G, and hence it has the homotopy type 
of a bouquet of spheres. Section 4 contains a proof of the aforementioned 
result of Brown. The next two sections relate the connected components of 
&(G) to topics in finite group theory, e.g., in Section 6, Puig’s analysis [S] 
of the Alperin fusion theorem is described. 
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The second half of the paper is concerned with showing that for certain 
groups G, the poset dD(G) has the homotopy type of a bouquet of d-spheres, 
where d is its dimension, in which case we say it is d-spherical. In fact, for the 
groups considered the poset sic,(G) has the stronger property of being Cohen- 
Macaulay in the sense of combinatorial theory [lo, 121, that is, not only is it 
spherical, but the link at each point of the simplicial complex is (d - l)- 
spherical. 
In Section 7 we collect standard facts about the homology and fundamental 
group of a poset, in particular, the homology spectral sequence of a map. 
Sections 8 and 9 discuss spherical and Cohen-Macaulay (CM for short) posets. 
We prove a useful result showing a poset X is CM when there is a map f to 
a CM poset Y whose “fibers” f/y are CM of the appropriate dimension. 
In Sections 10, 11 we consider groups such that JB,(G) is CM. We show 
the class of these groups is closed under products and also by extensions by 
a solvable group which is uniquely p-divisible in a suitable sense. These results 
are applied in Section 12 to prove the conjecture of Section 2 for solvable 
groups, and to prove z&(GL,(F)) is CM when p is different from the charac- 
teristic of the field F and F contains a primitive pth root of unity. 
I am grateful to Howard Hiller for observing the relation of CM posets 
to this research, and to J.-P. Serre for directing me to the work of Puig. 
1. THE SIMPLICIAL COMPLEX ASSOCIATED TO A POSET 
Let X be a partially ordered set (poset, for short). Let [ X 1 denote the sim- 
plicial complex associated to X, that is, the simplicial complex whose vertices 
are the elements of X and whose simplices are the nonempty finite chains 
in X. If X is viewed as a small category, then 1 X 1 is the classifying space 
of X (see [9, 111). Many of the properties of the construction X ++ 1 X 1 reviewed 
below hold more generally for the classifying space construction. 
If XOP denotes the poset dual to X, i.e., with the opposite ordering, then 
one has an isomorphism of simplicial complexes 
jXOPI =/XI. (1.1) 
By a morphism (or map) of posets fi X + Y, we mean an order-preserving 
map (x’ < x * f(~‘) <f(x)). Such a map induces a simplicial map 1 f /: 
Ix/-+IyI. 
If X x Y is the product of the posets X, Y, one has a homeomorphism 
lxx Yl =lXlxlYI (1.2) 
induced by maps 1 pri /. We note that the simplicial complex associated to 
a poset is equipped with the weak topology, hence the product on the right 
has to be taken in the category of compactly generated spaces. 
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1.3. Homotopy property. I f  f, g: X -+ Y are maps of posets such that 
f(x) < g(x) for all x in X, then 1 f 1 and 1 g 1 are homotopic. 
(This follows from the product formula (1.2) by noting that f, g determine 
amap(0 < l} XX+ Y and that I(0 < 111 is a l-simplex.) 
I f  K is a simplicial complex, its barycentric subdivision is by definition 
the simplicial complex 1 S(K)/, where S(K) is the poset of simplices in K 
ordered by inclusion. Hence one has a homeomorphism 
I S(K)1 = K. (1.4) 
The construction X H 1 X I allows us to assign topological concepts to 
posets. For example, we define the homology groups of X to be those of j X 1, 
and we call X contractible if / X / is contractible. 
I .5. A poset X will be called conically contractible if there is an x0 in X 
and a map of posets f: X + X such that x < f(x) > x0 for all x in X (e.g., 
if the join x u x,, exists for all x, one can take f(x) = x U x0). In this case 
the homotopy property shows that the maps 1 id, j, 1 f 1, and the constant 
map with value x0 from j X I to itself are homotopic, and hence X is con- 
tractible. This terminology comes from the example X = S(K), where K = 
C(L) is the cone on the simplicial complex L. 
The homotopy property can be used to show a map f: X + Y is a homotopy 
equivalence (i.e., 1 f 1 is a homotopy equivalence) when there exists a map 
g: I’ ---f -X with suitable properties (e.g., f, g are adjoint considered as functors 
between categories). However, we need a more powerful way of showing a 
map is a homotopy equivalence. 
Given a mapf: X + Y of posets and an element y  of Y, we define subposets 
of X as follows: 
f/Y = {x E x I f(x) d r>t 
Y\f =@EXlf@) ay>. 
PROPOSITION 1.6. Assume f /y is contractible for all y  in Y (resp. y\ f  is 
contractible for ally). Then f  is a homotopy equivalence. 
For a proof see [9, Theorem A] and also the end of Section 7. 
A subset S of a poset X will be called closed if it is closed under specialization, 
that is, if x’ < x E S implies x’ E S. Let Cl(X) be the poset of closed subsets 
of X ordered by inclusion. 
Let X, Y be posets, let Z be a closed subset of X >< Y, and let pi: Z -+ X, 
p,: Z - Y denote the maps induced by the projections. The fiber of p, over 
a point x of X can be identified with the subposet Z, = (y E Y / (x, y) E Z} 
of I-. Clearly Z, is a closed subset of Y and x H Z, is a contravariant (i.e., 
order-reversing) map from X to Cl(Y). 0 ne shows easily that in this way 
one obtains a one-one correspondence between closed subsets of X x Y and 
607/28/2-z 
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contravariant maps from X to C1( Y). Similarly y k-+ Z, = (x E X 1 (x, y) E Z> 
is a contravariant map from Y to U(X) which determines and is determined 
by Z. 
PROPOSITION 1.7. If Z, is contractible for each x in X, then p,: Z -+ X is a 
homotopy equivalence. 
The poset x\p, consists of all (x’, y) in Z with x’ 3 x. Let u: Z, ---f x\p, 
and v: x\pl -+ Z, be the maps given by u(y) = (x, y), 0(x’, y) = y. One has 
VU(Y) = Y and uv(x’, Y) < (x’, Y), h ence u and v are homotopy inverses by 1.3. 
Since Z, is contractible, so is x\p, , hence p, is a homotopy equivalence by 1.6. 
COROLLARY 1.8. If Z, and Z, are contractible for each x in X and y in Y, 
then X and Y are homotopy equivalent. 
In effect, both pi: Z + X and p,: Z -+ Y are homotopy equivalences by 
the proposition. 
We conclude this section by describing two ways of realizing the join 
1 X 1 t 1 Y 1 of the spaces / X 1 and 1 Y 1 by posets. 
We define the cone CX of a poset X to be the poset obtained by adjoining 
to X an element 0 smaller than all the elements of X. Clearly I CX I is the 
cone on the simplicial complex I X 1. We define the join X * Y of the posets 
X and Y to be the disjoint union of X and Y equipped with the ordering which 
agrees with the given orderings on X and Y and which is such that any element 
of X is less than any element of Y. For example, CX = (0) t X. 
ConsidertheproductICXI~ICYj=ICX~CYI.ThejoinIXj*/YI 
is the union of the line segments in the product joining a point of I X I to a 
point of 1 Y I. It is the simplicial complex whose simplices are nonempty subsets 
of the form u u T, where u (resp. T) is a possibly empty subset in X (resp. Y). 
Consequently, one has a homeomorphism 
IX*YI=IXI*IYI 
relating the join operations on posets and spaces. 
On the other hand, radial projection from the vertex (0,O) in 1 CX x CY / 
(04 j ix1 
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/X]*/YIr~CXxY~u~XxCYj=ICXxYuXxCYj 
= 1 cx x CY - ((0, O)}l. 
Summarizing, we have proved 
PROPOSITION 1.9. There are canonical homeomorphisms 
I X * Y / = j X 1 * j Y 1 = ! CX x CY - ((0, O)>i. 
2. THE POSETS .9,(G) AND sB,(G) 
Let p be a prime number. By a p-group we mean a finite group of order 
a power of p. By a p-torus we mean a finite abelian group A whose elements 
have order 1 or p; the rank of A, denoted r,(A), is the dimension of A con- 
sidered as a vector space over F, . 
If G is a group, we denote by YP(G) the poset of nonidentity p-subgroups 
of G ordered by inclusion, and we let A!~(G) be the subposet consisting of all 
nonidentityp-tori in G. The following proposition shows that, as far as homotopy 
invariants are concerned, one can replace ya(G) by the smaller poset d=(G). 
PROPOSITION 2.1. The inclusion &I(G) C 9’..(G) is a homotopy equivalence. 
Proof. If this inclusion is denoted by i, then one has i/P = J(e,(P) for any 
P in YD(G). By 1.6, the map i is a homotopy equivalence provided each i/P 
is contractible, so it suffices to prove the following. 
LEMMA 2.2. If P is a nontrivialp-group, then &JP) is contractible. 
If B is the subgroup of the center of P consisting of the elements of order 1 
orp, one knows that B > 1, since P > 1. Hence in dD(P) one has A < ,4B > B 
for all A, so Ya(P) is conically contractible in the sense of 1.5. Q.E.D. 
By the dimension of a poset X we mean the dimension of the simplicial 
complex 1 X 1, or equivalently, the supremum of the integers n such that there 
is a chain x,, < ... < x, in X. By convention the empty set has dimension - 1. 
By the p-rank r,(G) of the group G, we mean the supremum of the ranks 
of the p-tori in G. Since any p-torus of rank r has a composition series of length r, 
one sees easily that one has 
dim do(G) = r,(G) - 1. (2.3) 
This has the consequence that the homology groups of dD(G), which are the 
same as those of Y?(G) by 2.1, vanish in degrees >r,(G). 
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PROPOSITION 2.4. If G has a nontrivial normal p-subgroup, then x&,(G) is 
contractible. 
It suffices to show YD(G) is contractible by 2.1. However, if Q is a nontrivial 
normal p-subgroup of G, then in Ys(G) one has P < PQ > Q for all P, so 
YD(G) is conically contractible. 
Remark 2.5. As in the proof of 2.1, one can use 2.4 to show that YJG) 
is homotopy equivalent to the poset consisting of those subgroups H of G 
which contain a nontrivial normal (in H) p-subgroup. 
PROPOSITION 2.6. The poset s$,(GI x G,) is homotopy equivalent to the 
join of dD(Gl) and s4,(G,). 
Proof. Let T be the subset of &JG, x G,) consisting of subgroups of 
the form A, x A,, where A, is ap-torus in Gi and not both A, and A, are the 
identity. Then T can be identified with the poset CdD(Gi) x CsQ,(G,) - ((0, 0)} 
of 1.9, which by this proposition has the homotopy type of the join Jal,(G,) * 
dD(Gz). Hence it suffices to show that the inclusion map i: T + s$(GI x G,) 
is a homotopy equivalence. But one has a map r going the other way given 
by 44 = prd4 x Pr2(4 where the prj are the projections of G, x Gs 
on its factors. One has ri = id and A < i(r(A)) for all A in dP(G, x Ga), 
hence by the homotopy property 1.3 the maps r and i are homotopy inverses, 
proving the proposition. 
EXAMPLE 2.7. Let G = 6, be the symmetric group of degree n and let 
p be an odd prime. For n < p, G is of order prime to p, hence dD(G) is empty 
in this case. For p < n < 2p, the Sylow p-subgroups of G are cyclic of order p, 
and there are n!/p(p - I)(n - p)! of th em, hence d*(G) is a zero-dimensional 
poset with this many elements. 
Suppose n = 2p. If  an element of G has order p, it has at least one orbit 
in the set {l,..., 2~) with p-elements. It follows that any A in JX$(G) leaves 
invariant a unique partition into two disjoint subsets of cardinal@ p. Thus 
&JG) decomposes into a disjoint union indexed by these partitions. Since 
these partitions are transitively permuted by G, the parts of the decomposition 
are isomorphic, the isomorphism between any two of them being given by 
conjugation with respect to an element of G. The part of dP(G) belonging 
to the partition {l,...,p) u{p + l,..., 2~) is the subposet &ID(H), where H = 
(S,)2 >a 6, is the stabilizer of this partition. Using the fact p is odd and 2.6, 
we have 
where 5;4,(6,) is the disjoint union of (p - 2)! points. Therefore we see that 
~$,(6,,) is a disconnected graph with (2~)!/2(p!)~ components, each of which 
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has the homotopy type of a bouquet of ((p - 2)! - 1)” circles. Hence for 
p 3 5, JZ&,(~~,) has nontrivial homology in degrees 0 and 1. 
We note that the preceding calculation also applies to the alternating groups 
‘3, , n < 2p, since JZZ’#&,) = .s$,(G;,) for p odd. 
To conclude this section we discuss a conjecture concerning the converse 
of 2.4 for finite groups. 
First we note that, quite generally, if a group G acts on a poset X, then 
one has the formula 
/XjG=IXGI (2.8) 
relating the fixpoints for the action on X and on the simplicial complex / X I. 
In effect, because of the ordering, a simplex of j X 1 is carried into itself by 
an element g if and only if all the vertices of the simplex are fixed under g. 
Consider now the G-action on d,(G) induced by inner automorphisms 
of G. Here .J&,(G)~ is the poset of nonidentity normal p-tori in G, so (2.8) 
implies 1 s$,(G)jG # o if and only if G has a nontrivial normal p-torus. On 
the other hand, if H is a nontrivial normal p-subgroup of G, then the subgroup 
B of elements of order 1 or p in the center of H is characteristic in H, hence 
B is a normal p-torus in G. Thus 2.4 can be reformulated as saying that if 
1 AZ?~(G)I has a G-fixpoint, then it is contractible. 
It is an interesting problem whether the converse of 2.4 holds. For G finite 
there is evidence for the following. 
Conjecture 2.9. If G is finite and J&,(G) . 1s contractible, then G has a non- 
trivial normal p-subgroup. 
We will show that this conjecture is true for solvable groups in part II. 
One also has the following special case. 
PROPOSITION 2.10. The above conjecture holds ;f Y$(G) < 2. 
Proof. We can rule out the case r,(G) = 0, for then SZJ’~(G) is empty, hence 
not contractible. If r,(G) = 1, then JS$(G) is zero dimensional and contractible, 
hence it is a single point necessarily fixed under G, so G has a nontrivial normal 
p-torus. Finally, if v,(G) = 2, then 1 dP(G)j is a one-dimensional contractible 
simplicial complex, that is, it is a tree. But one knows (Serre) that a finite group 
acting on a tree always has a fixpoint, so G has a nontrivial normal p-torus 
in this case also. Q.E.D. 
3. RELATION TO BUILDINGS 
Let G be the finite groups of rational points of a semisimple algebraic group 
defined over a finite field K, and let p be the characteristic of K. Let T be the 
building associated to G in the sense of Tits [13]. It is a simplicial complex 
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of dimension I- 1 on which G operates, where 1 is the rank of the underlying 
algebraic group over K. By associating to a simplex of T its stabilizer in G one 
obtains a contravariant isomorphism between the poset of simplices in T and 
the poset of proper “parabolic” subgroups of G. 
For example, if G = S&(K), then the building T can be identified with the 
simplicial complex 1 T(kn)l, h w ere T(kn) denotes the poset of proper subspaces 
of the vector space K a. Here I = n - 1, which is quite different from r,(G). 
THEOREM 3.1. The poset ZJ’~(G) . h zs omotopy equivalent to the building T. 
Consequently z$(G) has the homotopy type of a bouquet of (1 - I)-dimensional 
spheres. 
Proof. From the theory of buildings [ 131 one knows that T has the homotopy 
type of a bouquet of (I - 1)-spheres, hence we only have to show that d,(G) 
and T are homotopy equivalent. Let X be the poset of simplices in T and let 
G, denote the subgroup of G carrying the simplex x into itself. Then ] X [ 
is the barycentric subdivision of T, so it will suffice to show the posets X and 
J&,(G) are homotopy equivalent. Let 2 be the subset of X x d,(G) consisting 
of (x, A) such that x E XA, or equivalently A C G, . One knows that an element 
of G, leaves each point of the simplex x fixed, hence x’ < x =z= G,, 3 G, , 
and so 2 is closed. By 1.8 we can conclude X and dD(G) are homotopy equivalent 
once we show the posets 2, = &JGJ and 2, = XA are contractible. Because 
of 2.4 and (2.8) it suffices to verify the following assertions: 
(a) The group G, has a nontrivial normal p-subgroup; 
(b) if H is a nontrivial p-subgroup of G, then TX is contractible. 
The group G, is the group of rational points of a proper parabolic subgroup 
of the algebraic group underlying G. From the theory of roots, one knows 
the unipotent radical of this parabolic subgroup is nontrivial. The group of 
rational points of this unipotent radical is a nonidentity normal p-subgroup 
of G, , proving (a). 
To prove (b) we use a variant of the Tits argument showing T has the 
homotopy type of a bouquet of spheres. We choose a chamber of T with H C G, . 
This is possible, for the groups G, as x runs over the chambers are the nor- 
malizers of the different Sylow p-subgroups of G. If  x’ is a chamber opposite 
to x, then G,t n G, has order prime to p, so x’ is not fixed under H. It follows 
that if c is an interior point of x, then TH contains no points of T opposite to 
c, hence there is a unique “geodesic” in T joining a given point of TH to c. 
By uniqueness this geodesic lies in T H, hence TH contracts to c along geodesics, 
proving assertion (b). Q.E.D. 
In the case of S&(K) the assertions (a) and (b) can be proved in elementary 
fashion as follows. A simplex x of T = / T(k”)I is a flag 0 < V, < ... < V, < I’ 
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in the vector space V = k”, where r > 1, and G, is the stabilizer of this flag. 
The elements of G, which induce the identity on each quotient of the flag 
form a nontrivial normal p-subgroup of G, , whence (a). As for (b) we note 
that TH is the simplicial complex associated to the poset T(V)H of proper 
H-invariant subspaces of V. Because H is a p-group, one has WH > 0 for 
WE T(V)H, hence this poset is conically contractible: W >, WH < VH, 
proving (b). 
4. EULER CHARACTERISTIC OF Yp(G) 
In this section we present results of Brown [2] specialized to the case of 
finite groups. 
Let G be a finite group whose order is divisible by p, and let P be a Sylow 
p-subgroup of G. We consider the restriction of the action of G on / yp(G)j 
given by conjugation to the subgroup P. 
PROPOSITION 4.1. The subspace of / 9TJG)j consisting of points where the 
action of P is not free is contractible. 
Proof. We replace ] Ya(G)l by its barycentric subdivision 1 Y I, where Y 
is the poset of simplices in 1 yp(G)[. Then the subspace where the P-action 
is not free is the subcomplex 
i I y IH = u I YH I = I Y’ I 
H 
where Y’ = lJ YH and H ranges over the poset Yp(P) of nontrivial subgroups 
of P. Let 2 C YD(P) x Y’ be the closed subset consisting of pairs (H, y), 
where y E YH, or equivalently, H is contained in the isotropy group P, . We 
are going to apply 1.8 to 2 to conclude Y’ and 9?,(P) are homotopy equivalent; 
as Y,(P) has the largest element P, it is contractible, hence Y’ will be con- 
tractible, proving the proposition. 
By the definition of Y’, the group P, is a nontrivial p-group for any y in Y’, 
hence 2, = 9,(P,) is contractible. On the other hand, if HE YS(P), then 
ZH = YH, which is the poset of simplices in 1 y.(G)H 1, where 5?D(G)H consists 
of nontrivial p-subgroups of G normalized by H. The poset &?JG)H is conically 
contractible: Q < QH 3 H, so j ZH 1 = I YH j = I g.(G)H I is contractible, 
concluding the proof. 
COROLLARY 4.2. The Euler characteristic ~(1 Y,,(G)\) is ~1 module the order 
of the Sylow group P. 
Proof. In the notation of the preceding proof one has 
x(1 y I) = 1 + x(1 Y/Y I Y’I) 
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because j Y’ 1 is contractible. But the group P acts freely on the simplices 
of ( Y ] outside of ] Y’ 1, hence ~(1 Y 1, 1 Y’ 1) = 0 modulo the order of P, 
proving the corollary. 
This corollary can be generalized as follows. Let K = F, and let R,(G) 
be the Grothendieck group of finitely generated K[G+modules. If [V] E R,(G) 
denotes the class of the module V, then the differences [P] - [Q], with [P] 
and Q finitely generated projective modules, form an ideal in R,(G). If c.(.K, k) 
and iji(K, K) denote the reduced chain complex and homology of the finite 
simplicial complex K with coefficients in k, one knows that 
in RR,(G). 
COROLLARY 4.3. If K = 1 y”(G)/, then the above element of R,(G) lies in 
the ideal of difkmnces of classes of projective modules. 
Proof. Instead of K we work with / Y I. One easily constructs an exact 
sequence of complexes of finitely generated k[Gl-modules 
0 -+ Mm --t F. -+ c-(1 Y I, K) + 0 
where F. is a complex of free modules zero outside degrees 0 < i < n, and 
where M. has zero homology in degrees fn. As the element of R,(G) associated 
to a complex adds with respect to exact sequences, we have only to show H,(MJ 
is a projective K[C;1-module. One knows it suffices to show H,(MJ is projective 
over k[P]. Let Mm’ be the kernel of the composition 
F. -+ c;.(I Y I, 4 + C.(l Y I> I Y’ I> A). 
Then M.’ is a complex of projective R[P]- modules, because P acts freely on 
the simplices of I Y j outside of 1 Y’ j. One has an exact sequence 
0 -+ M. + M.’ + c.(I Y’ 1, K) --+ 0 
where I Y’ I is contractible, so M. and M.’ have the same homology. Hence 
we have an exact sequence 
O-,H,(M.)jM,‘~...-tM,‘-tO 
I 
from which it follows that H,(M.) is projective over K[P], concluding the proof. 
Remarks. 
4.4. All the results of this section remain valid with yV(G) replaced 
by dP(G). To see that Ji4,(G)H is contractible for H in Ya(G), we note that 
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if a nontrivial p-torus A is normalized by II, then the centralizer AX is non- 
trivial. Hence if B is the p-torus of central elements of order dividing p in H 
one has A > AH < AHB 3 B, and it follows easily that &Q(G)H is contractible. 
4.5. The proof of 4.3 shows that the complex c.(I YD(G)j, k) is a “perfect” 
complex of kG-modules. One can prove this implies that if all the groups 
gi(l YD(G)I, k) are zero except the ith one, then the ith group is a projective 
Fz[G]-module. In the situation considered in Section 3, where Y?(G) was 
identified with the Tits building up to homotopy, Lusztig [7] has shown that 
the class in J&(G) of this unique nonzero homology group generates the ideal 
of projective classes. However, examples of Feit [4] show this theorem of 
Lusztig is somewhat special to Chevalley groups. 
5. CONNECTED COMPONENTS OF 9,(G) 
In this section the group G is assumed to be finite of order divisible by p, 
and Syl,(G) denotes the set of Sylow p-subgroups of G. 
By the connected components of a poset we mean the equivalence classes 
for the equivalence relation generated by the order relation. Thus two elements 
are in the same component when they are joined by a sequence whose successive 
members are comparable. We denote by r,,X the set of connected components 
of the poset X. These are in one-one correspondence with connected com- 
ponents of the simplicial complex 1 X I, hence rr,,X N z-c, 1 X I. 
We consider the set r,,YD(G), which can be identified with r&&G) by 2.1. 
Every p-subgroup is contained in a Sylow subgroup, hence every connected 
component of YJG) contains at least one Sylow subgroup. Hence G acts 
transitively on rOYP(G), so we have 
G/N SF Q~?~(G) (5.1) 
where N is the stabilizer of some component. We wish to determine N. 
PROPOSITION 5.2. Thefollowing conditions on a subgroup M of G are equivalent: 
(a) There is a component of Yp(G) such that M contains the stabilizer in G 
of this component. 
(b) There is a P E SyI,(G) such that M 3 N,(H) for all H in 9,(P). 
(c) The subgroup M contains No(P) for some P in Syl,(G), and for any 
p-subgroup K of G such that K n M > 1, one has KC M. 
(d) p divides the order of M and M n Mx is of order prime to p for all 
x$M. 
Here Mx = x-lMx and N,(H) is the normalizer of the subgroup H. 
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Proof. (a) * (b) Let P b e a Sylow subgroup in the component X. If 
g E N,(H) for some H in 9,(P), then X and Xg are components containing H, 
so X= X0 andgEM. 
(b) * (c) Clearly MT) No(P). Note that because any p-subgroup H 
of M is conjugate in M to a subgroup of P, we have H > 1 implies N,(H) C M. 
Suppose given a p-subgroup K of G with K n M > 1; if K n M < K, one 
has because K is a p-group 
which is a contradiction. Thus KC M. 
(c) * (d) Clearly p divides th e order of M. Assume M n M” contains 
a nontrivial p-group H and let Q E Syl,(G) contain H. By (c), one has Q C M, 
and also &“-I 3 Hx-l C M, so p-’ C M. Since P, Q, p-’ are Sylow groups 
of M, one has Q = Pm and PA = Pm’ with m, m’ in M, hence mx-l(m’)-l E 
No(P) C M, so x EM. This proves (d). 
(d) * (a) We have 
(G:M)= 1 (M:MnM*)=l (mod P), 
MXM 
hence M contains a Sylow group P of G. Let N be the subgroup of G leaving 
invariant the component of YP(G) containing P. If n EN, then P and P” are 
in the same component, hence it is easily seen that there is a sequence of Sylow 
groups P = P, , P1 ,..., P, = Pn such that Pie1 n Pi > 1. Let xi be such that 
(Piel)“~ = Pi for 1 < i < m; we can choose x, so that x1 =.a x, = n. Assuming 
Pip1 C M we have 1 < Pie1 n Pi C M n MQ, so by (d) we have xi E M and 
Pi C M. Thus by induction xi E M and Pi C M for all i. Hence n E M, so 
NCM. Q.E.D. 
COROLLARY 5.3. If N is the subgroup of G leaving invariant the component 
of Ya(G) containing P, then N is generated by No(H) for 1 < H C P. 
This is clear. 
We next consider groups such that .YP(G) is disconnected, or equivalently 
by the above, such that there exists a subgroup M < G with the properties 
in 5.2. An example is furnished by a group having p-rank 1 and having no 
nontrivial normal p-subgroup, for in this case JZ$,(G) is zero dimensional with 
more than one element. We shall now show that for p-solvable groups these 
are the only examples. 
As usual, let O,(G) be the largest normal $-subgroup and O,n,,(G)/O,(G) 
be the largest normal p-subgroup of G/O,(G). 
PROPOSITION 5.4. Assume O,,,,(G) > O,,(G). If $,(G) is not connected, 
then the p-ranh of G is 1. 
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P~ooj. Put H = O,(G), K = O,,,,(G). I f  Q E SyI,(K), then K = QH, 
so H acts transitively on r,&,(K), b ecause any Sylow group of K is conjugate 
to Q by an element of H. Since P E Syl,(G) implies P n K E Syl,(K), it follows 
that ?T,$(K) maps onto n,&,(G), hence H acts transitively on the latter. 
Let A be a maximal p-torus of G. The map from r&?f(HA) to z-,,YJG) is 
surjective because H acts transitively, hence YD(HA) is not connected. If  X 
is the component of YJHA) containing 4, it is clear that X is left fixed by 
the centralizers C,(B) for all 1 < B C ,4. But, by Gorenstein [6, (6.2.4)], 
H is generated by these centralizers if A is not cyclic, hence in this case X 
would be fixed by H which is a contradiction. Thus A is cyclic, proving the 
proposition. 
The example of SL,(F,), 4 = pd, to which 3.1 applies, shows that the first 
hypothesis in the preceding proposition is necessary. 
6. RELATION WITH ALPERIN'S FUSION THEOREM 
Our aim here is to mention a connection between 7r0YD(G) and Alperin’s 
theorem on fusion [I] which has been discovered by Puig [8]. Let G be a finite 
group of order divisible by p. If  H is a p-subgroup, we let YJG),, be the 
subposet of Y@(G) consisting of subgroups >H; hence it equals Ya(G) when 
H= I. 
PROPOSITION 6.1. The poset &(G)>,, is homotopy equivalent to Y,,(N,(H)/H). 
Proof. I f  K is ap-subgroup of G such that K > H, one knows that N,(H) = 
N,(H) n K > H, hence if i: Sp,(N,(H)),, --j z?,(G),~ denotes the inclusion, 
we have a map Y going the other way given by r(K) = N,(H). Since ri = id 
and ir(K) < K, it follows from 1.3 that i and Y are homotopy inverses. But 
9D(NG(H)),H is clearly isomorphic to Sp,(N,(H)/H), so the proposition follows. 
Now let P be a fixed Sylow p-subgroup of G and let Z denote the set of 
subgroups H of P such that (i) N,(H) E Syl,(No(H)) and (ii) either Y&N,(H)/H) 
is empty or it is disconnected. We note that if HEY, then H is a “tame 
intersection” in Alperin’s sense, that is, there exists a Q E Syl,(G) such that 
H = P n Q, and N,(H), as well as N,(H), are Sylow subgroups of N,(H). 
Indeed, by 6.1 one can choose a Sylow group Q0 of N,(H) not in the same 
component of 97D(G)>H as P; then if Q E S&,(G) contains Q,, , one has a tame 
intersection H = P n Q. We note also that there are tame intersections 
H = P n Q such that (ii) does not hold, e.g., H = 1 in S&(F) by 3.1. 
Puig’s point is that in Alperin’s analysis of fusion the various tame inter- 
sections P n Qa required can all be taken to be in the set Z. For example, 
one has: 
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PROPOSITION 6.2. If A, B are subsets of P which are conjugate in G, then 
there exist subgroups HI ,..., H, in .%’ and elements yi in No(Hi) such that 
AYI***?J~--~ C Hi for i = I,..., m and such that B = AYl”‘Ym. 
7. LOCAL SYSTEMS AND HOMOLOGY 
In this section we collect various facts about the covering spaces and the 
homology of the simplicial complex associated to a poset. All of the assertions 
can be generalized without essential change from posets to small categories. 
By a local system of sets (resp. abelian groups) on a poset X we mean a 
functor F from X, viewed as a category, to the category of sets (resp. abelian 
groups) which is morphism inverting, i.e., such that the map F(x’) -+ F(x) 
associated to x’ < x is an isomorphism. The category of local systems of sets 
on X with natural transformations of functors as morphisms will be denoted 
Cov(X) because of the following considerations. 
Let E be a covering space of 1 X 1. 0 ne obtains a local system of sets on X 
by letting E(x) be the fiber of E over x viewed as a vertex of j X I, and by 
associating to x’ < x the isomorphism obtained by lifting the one-simplex 
(x’, x) to E. Conversely if F is a local system on X, one can form the poset X, 
consisting of pairs (x, t) with x E X and t eF(x), with (x’, t’) < (x, t) when 
x’ < x and t’ corresponds to t under the given isomorphism F(x’) -F(x). 
Then 1 X, [ is a covering space of 1 X I. In this way one obtains an equivalence 
between the category of covering spaces of 1 X 1 and the category Cov(X) of 
local systems of sets on X. (For details, see [5, Appendix I].) 
We will use the equivalence between covering spaces and local systems 
to describe those posets X such that 1 X 1 is simply connected, in which case 
we say X is simply connected. First note that the map f: X +pt induces a 
functor 
Sets = Cov(pt) f’, Cov(X) (7.1) 
which can be interpreted as associating to a set S the trivial covering space 
with fiber S. It is easily seen that one has the following equivalences: 
X # D 9 f * is faithful, 
X is connected 0 f * is fully faithful, 
X is simply connected of * is an equivalence of categories. 
(7.2) 
We note also that I X I is connected iff X is connected as a poset, i.e., any 
two elements are joined by a sequence whose successive members are related 
by < or 2. 
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I f  F: X + Ab is a functor from X to abelian groups, we define the homology 
groups H,(X,II’) of X with coefficients F to be the homology of the complex 
C.(X, F) given by 
C,(X,F) = @ F&J (7.3) 
s,<...<z, 
where the direct sum is taken over all p-simplices in X, with the usual dif- 
ferential d = C (- I)id, . When F is the constant functor 2, these homology 
groups coincide with the integral homology of 1 X [, and we write H,(X) 
instead of H,(X,Z). We let ii(X) d enote the reduced integral homology 
(= Ker{Hi(X) + H,(pt)} if X # D and 
IT&a) = 1; 
i = -1 
i # -1). 
I f  f: X + Y is a map of posets and F: X + Ab is a functor, then we can 
restrict F to the subposet f /v of X (cf. 1.6) and form the homology HQ( f  /y, F). 
This gives a functor _Y M H,(f/y, F) f  rom Y to Abelian groups. One has a 
spectral sequence 
E;, = f&W Y - ff,(flv, FN 2 ff,+,(X> F) (7.4) 
obtained as follows. One shows that the functors F tt Z&(X, F), i > 0, are 
the left-derived functors of the functor “inductive limit over X.” Then 7.4 
is the Grothendieck spectral sequence calculating the derived functors of the 
composite functor 
%(XF) = f&O? Y * Hdf/r,F)). 
(For details, see [5, Appendix II].) 
We call the poset X n-connected when / X j is an n-connected space. From 
topology one has the following criterion: 
X is n-connected o 
I 
f&(X) = 0 for i <n and 
X is simply connected if n > I. (7.5) 
In particular, (-1)-connected means nonempty, O-connected means connected, 
and l-connected means simply connected. 
PROPOSITION 7.6. Letf: X --t Y be a map of posets such that f / y  is n-connected 
for each y  in Y. Then X is n-connected if f  Y is n-connected. 
Proof. The cases n = -1, 0 are trivial to check, so we suppose n > 1. 
If  E E Cov(X), we define a functor f!E: Y ---f Sets by 
(fjE)(y) = l&E. 
fiY 
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Because f/y is simply connected, we have that E(x) % (f&)(y) whenever 
x ~f/y. It follows that f& is a local system on Y whose pull-back by f is 
isomorphic to E. Thus the pull-back functor f*: Co,(Y) -+ Cov(X) is an 
equivalence of categories with inverse functor f! , so using (7.2) we see X is 
simply connected iff Y is. 
Next taking F = 2 in (7.4) gives a spectral sequence 
G-2 = HP(Y, Y t-+ H*(f/Y>) 3 H,+,(X) (7.7) 
with E& = H,(Y) if q = 0, and E& = 0 for 0 < q < n. It follows that f 
induces isomorphisms H,(X) r: Hi(Y) f or i < n, so using (7.5) we conclude 
X is n-connected iff Y is. 
We conclude this section with a proof of 1.6, based on the Whitehead theorem 
which can be formulated for posets as follows. 
PROPOSITION 7.8. A map of posets j X -+ Y is a homotopy equivalence $f 
the following conditions hold. 
(a) f *: Cov(Y) -+ Cov(X) is an equivalence of categories. 
(b) The map f induces an isomorphism H,(X, f *L) 3 H,(Y, L) for every 
local system of abelian groups L on Y. 
By the well-known relation between coverings and fundamental group, 
condition (a) is equivalent to the requirement that f induces a bijection between 
components of 1 X 1 and 1 Y 1 and an isomorphism of the fundamental groups 
at corresponding points. Hence this proposition follows from the Whitehead 
theorem asserting that a map of connected CW complexes is a homotopy 
equivalence iff it induces isomorphisms on fundamental groups and homology 
with arbitrary twisted coefficients. To prove 1.6 one argues as in the proof 
of 7.6 and shows that conditions (a) and (b) hold, assuming f /y is contractible 
for each y in Y. If instead y\f is contractible for all y, then one replaces f by 
fop: X’JP + YOn and uses the homeomorphism (1.1). 
8. SPHERICAL AND COHEN-MACAULAY POSETS 
The concepts of spherical and Cohen-Macaulay posets provide a convenient 
framework for the results about z$,(G) to be presented later. In this section 
we collect various facts about these posets which will be needed. 
Let K be a finite-dimensional simplicial complex and let d be its dimension. 
We call K d-spherical, or just spherical, if it is (d - 1)-connected, or equivalently, 
if it has the homotopy type of a bouquet of d-spheres. We say that K is Cohen- 
Macaulay (CM for short), if it is spherical, and if in addition the link of each 
p-simplex in K is (d - p - 1)-spherical (this condition implies that the 
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link of each point of K is (d - l)-spherical). A poset will be called spherical 
or Cohen-Macaulay when the associated simplicial complex has this property. 
This definition of Cohen-Macaulay complex is stronger than the customary 
one [12] where n-connectedness is replaced by the vanishing of homology in 
degrees <n. Stanley and Baclawski have pointed out that the Edwards construc- 
tion of a homology 3-sphere double-suspending to a 5sphere shows that the 
stronger Cohen-Macaulay property is not homeomorphism invariant. Our goal 
in this paper is to show certain posets are CM, hence we use the stronger 
definition so that our theorems are in their best form. 
EXAMPLES. 
8.1. If K and K’ are spherical simplicial complexes of dimensions d 
and d’, respectively, then it is easily seen that their join K * K’ is (d + d’ + l)- 
spherical. Consequently by 1.9, if X and X’ are spherical posets of dimensions 
d and d’, respectively, then X * X’ and the homeomorphic poset CX x CY - 
((0, 0)) are (d + d’ + 1)-spherical. One can prove the same assertions hold 
with spherical replaced by CM. 
8.2. The buildings of Tits [13] are examples of CM simplicial complexes. 
In particular, the poset T(V) of proper subspaces of a vector space V is a CM 
poset; this example will be discussed more thoroughly at the end of this section. 
8.3. If X is a finite-dimensional poset which is a semimodular lattice, 
then X is CM. This follows from a theorem of Folkman (cf. [12]) whose proof 
in a special case is sketched at the end of this section. 
We need to introduce some notation. If x is an element of a poset X, we let 
X,, denote the subposet consisting of x’ > x, and we define X,, , X,, , Xc, 
in a similar fashion. The height of x, denoted h(x), is the dimension of the 
poset &, , that is, the supremum of the lengths of chains having x as largest 
element. 
We recall that the link of a simplex 0 in a simplicial complex is the sub- 
complex consisting of those simplices disjoint from 0 whose union with Q is a 
simplex. Thus the link of the simplex 0 = (x, < ... < x9> in / X 1 is the 
simplicial complex associated to the subposet of X consisting of elements 
not in u which can be adjoined to 0 to form a chain. This subposet we denote 
Link(a, .Y). Clearly one has 
Link(u, X) = Xc, * (x0, x1) * -.. * x,,= (8.4) 
where we put (x’, x) = X,,, n X,, when x’ ( x. 
Next suppose X is finite dimensional. Given x in X, we can choose a maximal 
chain u = {x0 < ... < x,} with x, = x, whence we have p = /z(x) and 
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Link(o, X) = X,, . Supposing X is CM of dimension n, one sees from the 
definition of CM that X,, is spherical of dimension n - h(x) - 1. In par- 
ticular, any maximal element x has height n, because in this case X,, is empty, 
hence is of dimension -1. 
In a similar way one sees that in a CM poset of dimension n the following 
conditions are satisfied: 
X is n-spherical, 
X >Z is (n - h(x) - 1)-spherical, 
x<* is (h(x) - I)-spherical, 
(8-5) 
(XI, 4 is (h(x) - h(x’) - 2)-spherical, 
for all x and x’ < x in X. Conversely, using (8.1) and (8.4) one sees that a 
poset satisfying these four conditions is CM. Consequently, if this converse 
is applied to each of the posets appearing in (SS), one concludes that in a CM 
poset of dimension n the conditions (8.5) hold with spherical replaced by CM. 
We summarize this discussion for later reference. 
PROPOSITION 8.6. A poset is CM of dimension n ;f the conditions (8.5) are 
satisfied. Any CM poset of dimension n satisfies (8.5) with spherical replaced 
by CM. In a CM poset of dimension n, any maximal element has height n. 
We finish this section with a discussion of the poset T(V) of proper subspaces 
in a vector space V of dimension n. One knows that T(V) is spherical of 
dimension n - 2 either from the theory of buildings, or by the argument 
of Folkman which goes as follows. One covers T(V) by the sets T(V),, , where 
L ranges over the set P of lines in V. The finite intersections of members of 
this covering are either empty or contractible, so one knows T(V) has the 
same homotopy type as the nerve of this covering. However, any nonempty 
subset {La ,..., L,) of P with s < n - 2 is a simplex in this nerve, since 
L, + ... + L, < V, so the nerve contains the (n - 2)-skeleton of the full 
simplex with vertices in P. It follows that the nerve, hence T(V) is (n - 3)- 
connected, so T(V) is (n - 2)-spherical. 
If IV’ < IV are proper subspaces, then the open interval (IV’, W) in T(V) 
can be identified with T(W/W’). Hence, if 0 = {IV, < ... < II’,> is a simplex 
in 1 T( V)l, one has an isomorphism 
Link(a, T(V)) = T(W,) * T(W,/W,,) * ... x T(V/W,) 03.6) 
so this link is spherical of dimension (n - 2) - s - 1 by 8.1. Thus T(Y) 
is CM of dimension n - 2. 
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9. SPHERICAL AND COHEN-MACAULAY POSETS (CONTINUED) 
In this section we present a theorem which allows one to show certain posets 
have the properties of being spherical or Cohen-Macaulay. 
THEOREM 9.1. Let f: X -+ Y be a map of posets. Assume Y is n-spherical, 
andfor each y  in Y that Y,y is (n - h(y) - l)- ph s erical and f  / y  is h( y)-spherical. 
Then X is n-spherical. Moreover, there is a canonical filtration 
0 =F,+,CF,C~~~CF-, =ii,(X) 
and isomorphisms 
F-,/F,, = %(Y>, 
FtP’~,, = 0 Rz-a-l(Y>,> 0 J&(f/Y) 
(9.2) 
h(r)=n 
for 0 < q < n, where the direct sum is taken over the elements of height q in Y. 
Remark. Since the top homology group of a spherical poset is free abelian, 
iin is isomorphic (noncanonically) to the direct sum of the groups (9.2). 
Proof. One has 
dim(X) = sup dim(f/y) = sup h(y) = dim(Y) = n 
Y Y 
so X will be n-spherical once we show it is (n - I)-connected. We first compute 
the homology of X by the spectral sequence (7.7): 
%a = %O’, Y ++ K,(f/y)) * &I-&Q 
One has 
E;c, = f&O’, Y +-+ %(f/y)) for q > 0, (9.3) 
and for q = 0 one has a long exact sequence 
- fG+dY) - f%(K Y * ii,(f/Y)) - -Go - H,(Y) -+ (9.4) 
associated to the short exact sequence 
0 - %(f /Y> - K(f /Y) -+ z - 0. 
Since f /y is assumed to be h(y)-spherical, the functor y H gg(f/y) vanishes 
except for y of height q. We have to calculate the homology of Y with such 
a functor as coefficients. 
Let L be an abelian group, and y a fixed element of Y, and let Lty) denote 
the functor from Y to abelian groups sending y to L and all other elements 
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of Y to 0. Put u = Y>, , v  = Y,, , and let L, (resp. L,) be the constant 
functor with value L on U (resp. V) extended by 0 to the rest of Y. It follows 
immediately from the definition of homology (7.3) that one has 
where the last formula comes from the fact that U is contractibIe as it has a 
least element. From the long exact sequence associated to the short exact 
sequence of functors 
O-+L,-tL”-tL(,)-+O 
one gets the formula 
fJi( y, L(,,) = &l(Y,, 2-q. (9.5) 
Because f /y is assumed to be h(y)-spherical, the functor y’ t+ ii,(f/y’) is 
isomorphic to the direct sum of the functors B,Jf/y)(,, as y  ranges over the 
elements of height p in Y. Thus one obtains from (9.5) the formula 
&(Ys Y I--+ mf/YN = 0 fLw>, 9 ff,(f/YN. 
h(v)=u 
Using now the hypothesis that Y,, is (n - h(y) - 1)-spherical and the fact 
that the top homology of a spherical complex is free, this may be rewritten 
Jw? Y * Qf/YN = CD IT,-u-I(Y>V> 0 %(f/Y> 
hbku 
if p + p = n, and =0 if p + p # n. Combining this with (9.3) and (9.4) 
and the hypothesis that Y is n-spherical, we see Ef,, = 0 for p + p # n. Thus 
the spectral sequence degenerates, showing that Z&(X) = 0 for i # n and also 
that there exists on R,(X) a filtration with the quotients required in (9.2). 
To finish, we have to show X is simply connected if tz > 2, for then by 
(7.5), X is (n - l)- connected. Let E be a local system of sets on X, and con- 
sider the functor from Y to sets given by 
W)(Y) = bv E(x). 
I f  h(y) > 2, then f /y is simply connected by hypothesis, hence E restricted 
to f /y is trivial, i.e., isomorphic to a constant functor, so the canonical maps 
E(x) -+ W)(Y), XEflY (9.6) 
are isomorphisms. If  h(y) = 1, then Y>, is spherical of dimension n - 2 > 0, 
hence it is nonempty; choosing a y’ > y, one has h(y’) > 2 and f /y C f  /y’; 
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hence E restricted to f /y is trivial and the maps (9.6) are isomorphisms as f  /v 
is connected. Finally, if h(y) = 0, then (f!E)( y) is the disjoint union of the 
sets E(x) as x ranges over the O-dimensional set f /y. Choose a y’ > F, and let 
F(y) be the quotient of the set (f J?)(y) which is isomorphic to the image of 
the map (f !E)(y) + (f,E)( y’). Because Y,, is connected (it is (n - I)-spherical 
and n 3 2), this quotient set F(y) is independent of the choice of y’. Moreover, 
we obtain a quotient functor F off !E by putting F( y) = (f !E)( y) for h(y) 2 1. 
It is cIear that one has canonical isomorphisms E(x) -F(y) for all x, y with 
x E f /y, hence F is a local system on Y whose pull-back by f is isomorphic 
to E. Since Y is simply connected, F is trivial, so E is trivial. Thus every 
covering space of 1 X 1 is trivial, and since X is connected by our homology 
calculation we conclude X is simply connected. This concludes the proof of 
the theorem. 
COROLLARY 9.7. Let f: A’ + Y be a map of posets which is strictly increasing, 
i.e., x’ < x 3 f  (x’) < f(x). A ssume Y is CM of dimension n and that f  [y is CM 
of dimension h(y) for ally in Y. Then X is CM of dimension n. 
Proof. We check that the conditions (8.5) are satisfied. Since Y>U is CM 
of dimension n - iz(y) - 1 by 8.6, the preceding theorem implies immediately 
that X is n-spherical. Fix an element x in X and put y = f  (x). Because f  /y 
is closed in X, the height of an element off/y is the same as its height in X. 
Consequently, as f /y is assumed to be CM, the subposets X,, and (x’, x) of 
f /y are spherical of dimensions h(x) - 1 and h(x) - h(x’) - 2, respectively. 
It remains to show X,, is (n - h(x) - 1)-spherical. 
Because f  is strictly increasing, it induces a map f’: X,, + Y,* ; and also 
x is a maximal element off/y, so h(x) = h(y) by 8.6. We are going to apply 
the above theorem to f  ‘. The poset Y>* is CM of dimension n’ = n - h(y) - 1, 
and if y’ E I’,, , one has 
f  '/Y' = G’ E AT>, If  (4 < Y'> - (f /Y')>2 
is CM of dimension h(y’) - h(x) - 1 = h(y’) - h(y) - 1 = the height of y’ 
in Y,, . Therefore applying the theorem to f' as in the first part of this proof 
where we showed X is n-spherical, we see that X,, is spherical of dimension 
n’=n-h(x)- 1. Q.E.D. 
10. THE CM PROPERTY FOR &‘JG) 
In the rest of this paper we will be interested in groups G with the property 
that JzZJG) is a Cohen-Macaulay poset. For example, this is true if A is a 
p-torus, for &&4) can be identified with the cone of the CM poset T(A) of 
8.2, where A is regarded as a vector space over F, , 
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PROPOSITION 10.1. The poset J&,(G) is CM $f &D(G)>B is spherical of 
dimension r,(G) - r,(B) - 1 for every p-torus B in G (including B = 1). 
Proof. I f  a={As<*.. < A,} is a simplex in &$(G), one has an iso- 
morphism 
Link(a, zJD(G)) = T(A,) * *a. c T(A,/A,+,) * -Pep(G),,+ 
where all the factors in the join are spherical except possibly the last. Assuming 
~P(G)>AB is spherical of dimension r,(G) - r,(A,) - 1, one sees from 8.1 that 
Link(a, JX?~(G)) is spherical of dimension (r,(G) - 1) - s - 1, proving the 
sufficiency part. On the other hand, if BE&~(G), then sZJG),~ = 
Link(a, JJ~(G)) h w ere 0 is the chain of nonidentity subgroups in a composition 
series for B, hence the necessity part is clear. 
Remark 10.2. If  d?(G) is CM, then all maximal p-tori in G have rank 
Ye by the above (or 8.6). Consequently, groups such that J@?~(G) is CM are 
somewhat special. 
PROPOSITION 10.3. If dD(Gl) and z%‘Y9(G2) are CM, then so is sd,(G, x G,). 
Proof. Let G = Gr x G, , let pr,: G + Gi be the projections, and let B 
be a p-torus of G. We wish to show &D(G),B is spherical of dimension 
r,(G) - r,(B) - 1. For any p-torus A in G we have A Cpr,(A) x pr,(A), 
hence any maximal p-torus in G is of the form A, x A, with Ai a maximal 
p-torus of Gi . It follows that one has r,(G) = r,(G,) + r,(G,) and 
dim sZ~(G),~ = f  Y (G) - YJB) - 1, hence it suffices to show dp(G)>n is 
(r,(G) - r,(B) - 2)-connected. 
Put Bi = pr,(B), Ti = &‘JG&, and let T be the subset of J$(G),~ 
consisting of p-tori of the form A, x A, with Ai C Gi . Then T is isomorphic 
to the poset CT, x CT, if B < B, x B, , and to CT, x CT, - ((0, 0)) if 
B = B, x B, . In the former case T is contractible, and in the latter T is 
homeomorphic to Tl * T, by 1.9, which is (r,(G) - r,(B) - 1)-spherical by 
8.1, because Ti is (r,(GJ - r,(BJ - 1)-spherical by hypothesis and 10.1. 
Thus T is (TV - r,(B) - 2)-connected. On the other hand, the map 
A * PGW x ~~(4 from 4dGh to T is a homotopy equivalence (cf. proof 
of 2.6), so the proof is complete. 
EXAMPLE 10.4. Let p be an odd prime and let G be an extension of a p-torus 
V by a central subgroup H which is cyclic of order p. We claim that for such 
a group S?,(G) is CM. To see this, we recall that associated to such an extension 
is a homomorphism u: V + H and a skew-symmetric bilinear form f: V x V -+ H 
obtained by lifting back to G and taking the pth power and commutator, 
respectively. Thus a subgroup of G is a p-torus i f f  its image is killed by u and f. 
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The claim reduces easily to the case where u is zero and f  is nondegenerate. 
In this case &JG),, is isomorphic to the poset of nonzero subspaces of V 
isotropic for f,  this is CM of dimension & dim V - 1, because the associated 
simplicial complex is the building for the symplectic group of V. Hence dD(GhB 
is spherical of the right dimension for any B containing H, and if B does not 
contain H, then it is conically contractible: A < ,4H > BH. 
11. EXTENSIONS BY CERTAIN SOLVABLE GROUPS 
In this section we apply the results of Sections 9 about CM posets to prove 
a key theorem about the behavior of the CM property under extensions by 
a solvable subgroup which is uniquely p-divisible in a certain sense. 
Let A be ap-torus, and let P(A) be the set of hyperplanes in A, i.e., subgroups 
B such that A/B is cyclic of order p. We consider A-modules M which are 
uniquely p-divisible as abelian groups, that is, modules over Z[p-l]. On the 
category of such modules the functor of taking invariants: M w MA is exact. 
For each B in P(A) one has a canonical A-module decomposition 
where MfB) is the subgroup generated by am - m with a E A and m E MB. 
Since McB) is an A/B-module without nonzero invariants, the cyclic group 
A/B acts freely on MtB) - {O}. Finally, we claim there is an A-module decom- 
position 
M = MA @ @ M(B) . (11.1) 
BEPCA) 
To see this, first note that the assertion is true when M is an irreducible repre- 
sentation of A over one of the residue fields of Z[p-l]. This is because an 
irreducible representation is given by a character of A into roots of unity, 
and the kernel of a character is either a hyperplane in A or all of A. Second, 
note that both sides of (11.1) are exact functors of M which commute with 
filtered inductive limits. Hence, starting from irreducible modules, one sees 
(11.1) holds for torsion uniquely p-divisible A-modules, as well as uniquely 
divisible A-modules. But then, as (11.1) holds for M @ Q, the torsion sub- 
module of M, and the torsion module M @ Q/M, one sees by exactness that 
it holds for M. 
We can now prove the following. 
THEOREM 11.2. Let G be a group having a chain of normal subgroups H = 
H,, 3 HI 3 ... 3 H, = 1 such that G/H is a p-torus of rank r and Hi/H,+, is a 
uniquely p-divisible abelian group for 0 < i -=c s. Then 
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(i) &Y(G) is CM of dimension r - 1, 
(ii) if G contains no central elements of order p, then 
f%-,(4(G)) # 0. 
Before beginning the proof we make some remarks. The first is that the group 
H has no elements of order p; this follows from the fact that H,/H,+, has no 
elements of order p. Second, the extension G of G/H by H splits, i.e., G is a 
semidirect product AH, where A is a p-torus of rank r. This is because the 
obstruction to lifting a p-torus A C G/H, to G/H,+1 lies in the cohomology 
group H2(A, Hi/H,+,), which is zero as Hi/Hi+, is uniquely p-divisible. Finally 
we remark that if the element ah of G = AH is in the center and has order p, 
then ah = &(ah)h = ha, so hp = aphp = (ah)p = 1, hence h = 1. Con- 
sequently, if we let .Z(G) be the subgroup of central elements of order dividingp, 
we have 
.Z(G) = the centralizer of H in A. (11.3) 
In particular, the hypothesis in (ii) above is equivalent to requiring that A 
acts faithfully on H. 
W e prove the theorem by induction on s and begin with the induction step. 
Supposing s > 1, put G’ = G/Hs and let n: G + G’ be the canonical map. 
One has A 3 rA for any p-torus in G, hence n induces a map of poset 
f:  cdl(G) + dI(G’) t o which we apply 9.7 with n = r - 1. By the induction 
hypothesis .YZJG’) is CM of dimension r - 1. One has 
f/B = {AEJ&‘YY(G) [ rACB} = L$,(&B) 
and wlB is an extension of B by H, ; as s > 1, the induction hypothesis shows 
the theorem holds for the group rlB. Hence f /B is CM of dimension r,(G) - 1 
which is the height of B in &JG’). Thus from 9.7 we obtain the assertion (i) 
for G. 
Put B = .Z(G’) and t = r,(B). A ssuming .Z(G) = 1, we are going to prove 
(a) DZ(~-lB) = 1, 
(b) fir-t-&@=i@‘)>iJ f  0. 
Using assertion (ii) for the group +B, we see that (a) implies I?& f /B) # 0. 
Referring to the second part of Theorem 9.1, one sees that this combined 
with (b) implies i7Tr-I(&,(G)) # 0, proving assertion (ii) for G. 
Put A = pZ(r-lB). As H, is abelian and B is central in G’, conjugation 
gives a homomorphism from A to the group T of automorphisms of G inducing 
the identity on G’ and on H, . Th e group T is a uniquely p-divisible abelian 
group (it is isomorphic to the group of crossed homomorphisms from G’ to H,), 
hence this homomorphism is trivial. Thus A C .Z(G) =i 1, which proves (a). 
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By the remarks made at the beginning of the proof, G’ is a semidirect product 
AH’, where A is a p-torus of rank Y, and H’ = H/H, . By (11.3), B is the 
subgroup of A centralizing H’, hence in the semidirect product group G’/B = 
(A/B)H’ one has no central elements of order p, because A/B acts faithfully 
on H’. But one has LzZ~(G’),~ = cQz,(G’/B), and on the other hand, the theorem 
holds for the group G’/B by the induction hypothesis. Thus the assertion 
(ii) of the theorem for G’/B yields (b). 
At this point the inductive step in the proof has been established, so it remains 
to treat the case s = 1, i.e., when G is a semidirect product AH, with A a 
p-torus of rank r and H a uniquely p-divisible abelian normal subgroup. 
Using the decomposition (11. l), one sees there is a chain of A-submodules 
H = H, 3 ... 1 H, = 1 such that for each i = O,..., s - 1 the quotient Hi/H,+, 
is a uniquely p-divisible A-module on which either A acts trivially, or else, 
one has Hi/Hi+, > 1 and there is a hyperplane A,, in A such that A/A, acts 
freely on the complement of the identity in this quotient. We again argue 
by induction on s. The inductive step is completely identical to the one just 
given, so it remains to check the case s = 1. There are two subcases: 
(1) The group A acts trivially on H, whence G = A x H and dD(G) = 
&,(A) is CM of dimension r - 1, because J&~(A),~ is contractible if B < A 
and empty if B = A. Thus (i) holds. If  G has no central elements of order p, 
then r = 0, so A,(G) is empty and g-r(s32,(G)) = 2, proving (ii). 
(2) The group H > 1 and A/A,, acts freely on H - (1) for some hyper- 
plane =3, . I f  we choose a cyclic subgroup A, in A complementary to A,, , 
then G = (A,H) x A,, . Since all p-tori in A,H have rank <I, it is clear 
that SZ~‘J~~,H) is CM of dimension 0. As .dP(A,,) is CM of dimension Y - 2, 
one sees xZD(G) is CM of dimension Y - 1 by 10.3, proving (i). On the other 
hand, if G has no central elements of order p, then one has A,, = I, and LZ!~(G) 
is zero dimensional with more than one element, because A is not normal 
in G. Hence Z?,,(dP(G)) # 0, proving (ii). This finishes the proof of the theorem. 
COROLLARY 11.4. Let G be a group having a chain of normal subgroups 
H = H, 3 HI 3 ... 3 H, = 0 such that Hi/Hi+l is a uniquely p-divisible abelian 
group fey 0 < i < s. If zZD(G/H) is CM, then &I(G) is CM of the same dimension. 
This follows from 9.7 applied to the map f: dD(G) + .x&(G/H) induced 
by the canonical homomorphism r: G + G/H. One has f/B = SZ$(T-~B) 
which is CM of dimension r,(B) - 1 by the theorem. 
12. APPLICATIONS 
We now give some applications of the preceding results. Note that the 
hypotheses of 11.2 and 11.4 imply that the group H is solvable. In the converse 
direction we have that if H is a solvable p’-group (finite of order prime to p) 
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or a nilpotent uniquely p-divisible group, then the derived series and lower 
central series, respectively, give the chain of normal subgroups required in 
these results. 
Our first application will be to finite solvable groups. 
THEOREM 12.1. Let G be a Jinite solvable group having no nontrivial normal 
p-subgroup. If G has a maximal p-torus of rank I, then I?,_,(.s~~(G)) # 0. 
Proof. Let A be a maximal p-torus in G of rank r, and let H be the largest 
normal p’-subgroup of G. By the Hall-Higman Lemma 1.2.3, our hypotheses 
imply that Co(H) C H, hence A acts faithfully on H, and so HTel( Y) # 0 
by 11.2, where Y = JX$(AH). Put X = dD(G) and let 2 be the closed subset 
of X consisting of all p-tori contained in some p-torus of G not contained 
in AH. We next show that any B E Y n Z has rank <r. In effect, one has 
x-lBx C A, as A is a Sylow p-subgroup of AH, and one has B < B1 for some 
p-torus B, not in AH. Thus x-lBx < A, otherwise we contradict maximality 
ofA. 
It follows that Y n Z has dimension < r - 1. Since 
one has a Mayer-Vietoris sequence 
i+TTml( Y n Z) --t fLl( Y) 0 &-dZ> -+ zj-d-9 
(=O) (ZO) 
which shows that &..r(X) # 0, as was to be proved. 
COROLLARY 12.2. If G is a finite solvable group having no nonidentity normal 
p-subgroup, then Z?&(&,(G)) # 0, where d = r,(G) - 1 = dim d&G). 
This is clear. Note that it shows the conjecture 2.9 is true for solvable groups. 
Problem 12.3. Show the conclusions of Theorem 11.2 hold for a semidirect 
product AH, where A is a p-torus of rank r, and H is a normal p’-subgroup. 
If  this is true, then 12.1 and 12.2 remain valid when solvable is replaced by 
p-solvable. 
Here is another application of the theory developed so far. 
THEOREM 12.4. Let F be a field of characteristic #p containing a primitive 
pth root of unity. Then zZ&GLn(F)) is CM of dimension  - 1. 
Proof. We use induction on n, starting from n = 1, where the assertion 
follows from the fact that F* has a unique cyclic subgroup of order p. Put 
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G = G&(F) and let A be a p-torus in G of rank Y. We have to show J$(G),~ 
is spherical of dimension n - Y - 1. If we decompose Fn according to the 
characters of A 
the centralizer of A is 
F” = @ V, (12.5) 
C,(A) = n Aut(V,). 
If the decomposition (12.5) is nontrivial, then the induction hypothesis together 
with 10.3 shows that dP(C,(A)) is CM of dimension n - 1, hence 
4(G),* = ~(GWLA 
is (n - r - 1)-spherical. Thus we have to treat the case where V, = F” for 
some x, in other words, where A is contained in the group C of scalar matrices 
with a pth root of unity on the diagonal. If A = 1, then .&,(G),, is (n - l)- 
spherical, because it has dimension n - 1 and it is conically contractible: 
B < BC > C. It remains to show that X = de(G),, is (n - 2)-spherical. 
Since X has dimension n - 2, we have to show it is (n - 3)-connected. 
Let Y be the poset of simplices in the building / T(F”)I belonging to G; 
then Y is (n - 2)-spherical as ] Y 1 = 1 T(F”)[. 
LEMMA 1. I f  G, is the stabilizer of y E Y, then dP(G,) is CM of dimension 
n- 1. 
Up to conjugacy G, is one of the standard “parabolics” in G: 
If H is the “unipotent radical” of G, , i.e., the subgroup with identity matrices 
in the diagonal blocks, then the column filtration of H gives a chain as required 
in 11.4, because the quotients HJH,,, are vector spaces over F, hence uniquely 
p-divisible. Thus 11.4 tells us dD(G,) is CM of dimension n - 1 provided 
d&G,/H) is. However, G,/H is a product of lower dimensional general linear 
groups, so this follows from the induction hypothesis and 10.3, proving the 
lemma. 
LEMMA 2. If A is a p-torus in G, then Y* is (n - 2)-spherical. 
One has 
/ YA j = j Y IA = / T(Fn)jA = I T(F”)A I 
128 DANIEL QUILLEN 
where T(Fn)A is the poset of proper A-invariant subspaces of Fn. But the poset 
of all A-invariant subspaces is a modular lattice of dimension n, so T(F”)A 
is (n - 2)-spherical by 8.3, proving the lemma. 
Now let 2 be the closed subset of X x Y consisting of (A, y) such that 
y E YA, or equivalently, A C G, . From the above lemmas we see that 2, = YA 
and -G = 4G>>c are (n - 3)-connected. We apply 7.6 to the map pip: 
.??‘P -+ YOn, using that pip/y = (y\pa)oP is homotopy equivalent to 2,“” (see 
proof of 1.7). It follows that 2 is (TZ - 3)-connected, because we know Y is. 
Similarly, by considering p,: 2 -+ X, we conclude X is (n - 3)-connected, 
which finishes the proof. 
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